The aim of this short note is to present an elementary, self-contained, and direct proof for the classical Lebesgue decomposition theorem. In fact, I will show that the absolutely continuous part just measures the squared semidistance of the characteristic functions from a suitable subspace.
Proof. Consider the real vector space E of real valued A-measurable step-functions and let N be the linear subspace generated by the characteristic functions of those measurable sets A such that ν(A) = 0. Define the set function µ ac by
It is clear that µ ac ≤ µ (ψ := 1 ∅ ), and that ν(A) = 0 implies µ ac (A) = 0 (ψ := 1 A ). Furthermore, trivial verification shows that if A and B are disjoint elements of A, then
Since µ ac is nonnegative, additive, and dominated by the measure µ, we infer that µ ac is a measure itself.
What is left is to show that µ s := µ − µ ac and ν are singular, and that the decomposition is unique. Both follow immediately from the fact that µ ac is maximal among those measures ϑ such that ϑ ≤ µ and ϑ ≪ ν. Indeed, let ϑ be such a measure, ψ ∈ N , and observe that
Taking the infimum over N we obtain that ϑ ≤ µ ac . Now, let η be a measure, such that η ≤ ν and η ≤ µ − µ ac . In this case, µ ac + η ≤ µ and µ ac + η ≪ ν, thus η = 0. If µ = µ 1 + µ 2 , where µ 1 ≪ ν and µ 2 ⊥ ν, then µ ac − µ 1 is a measure, which is simultaneously ν-absolutely continuous and ν-singular. This yields that µ 1 = µ ac .
